Steady State Distributions and Their Regions of Stability
We first show calculations of steady state and the region of stability from the steady state conditions (13) and the stability criteria (14) . In the following analyses, all parameters are positive. In the main text, we occasionally consider (figs. 2-5) as a simplified case, which does not affect results in this appendix. a p 0 bg From the stability criteria, following properties can be easily derived for the stable steady state: (1) each species has a single layer with positive biomass at most, (2) the surface-layer maximum [S] is colimited by nutrients and light or limited by light only, (3) the deep-layer maximum [D] is colimited by nutrients and light, and (4) and the benthic-layer maximum [B] is limited by nutrients.
From now on, we refer to the "biomass" of species i as a vertically integrated cell density multiplied by the attenuation coefficient a i ,
Stable Steady State of a Monoculture
In the following, we consider the steady state of monoculture growth and the region of stability. We introduce useful functions. The first one describes the balance of biomass yield from light limitation (the first two terms of the right-hand side) and nutrient limitation (the third term of the right-hand side) at depth z:
It is easy to see that for when . The second one describes net growth in the
Specifically, denotes the zero net growth isocline (ZNGI) in the surface layer; is a point on
No Biomass [∅]
When cells are absent in the water column, the steady state is expressed by
Because is constant and decreases over z, we have an inequality for . 
For the existence of positive steady state, and . The former inequality implies that *
, and the latter implies that ; that is, * * 
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Deep-Layer Maximum [D]
If the deep-layer maximum [D] is colimited by R and I, then the steady state satisfies the stability criteria. When biomass maximum is at , the stable steady state is expressed by * z p z * * 
decreasing function for when , the above conditions can be expressed by *
Surface-Layer Maximum [S]
With nutrients in the surface layer and light , steady state [S] is expressed by 
can be defined such that . When , ; this case † * * * * * 
The above functions describe the balance of biomass yields of species 1 (eq.
[A24]) and species 2 (eq.
[A25]) from light limitation and from nutrient limitation when competing species are present.
Coexistence [D-D]
Steady state [D-D] satisfies the stability criteria if both species are colimited by nutrients and light at their biomass maxima. The stable steady state is expressed by * *
The biomass of each species is obtained by nutrient flux and light attenuation:
The above equalities (A27) and (A28) are equivalent to
and . From equation (A28), when * * * *
If we rearrange , is expressed by
By substituting in inequality (A30) with equation (A31), we have *
log (I /I )Ϫa z
Rearranging inequality (A32), we have an inequality,
1 1 where is defined in equation (A2), which is a decreasing function of z. Therefore, the inequality (A33) 
where is defined by the right-hand side of equation (A31) and satisfies
From equation (A29) we have an equality, 
Specifically, when , equality (A39) is modified to . This implies that the depth of the
biomass maximum of species 2 is unchanged by the presence of species 1 when , while the depth of g p g 
